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Full general relativity is almost certainly ‘chaotic’. We argue that this entails a notion of non-
integrability: a generic general relativistic model, at least when coupled to cosmologically interesting
matter, likely possesses neither differentiable Dirac observables nor a reduced phase space. It follows
that the standard notion of observable has to be extended to include non-differentiable or even
discontinuous generalized observables. These cannot carry Poisson-algebraic structures and do not
admit a standard quantization; one thus faces a quantum representation problem of gravitational
observables. This has deep consequences for a quantum theory of gravity, which we investigate in
a simple model for a system with Hamiltonian constraint that fails to be completely integrable.
We show that basing the quantization on standard topology precludes a semiclassical limit and can
even prohibit any solutions to the quantum constraints. Our proposed solution to this problem is
to refine topology such that a complete set of Dirac observables becomes continuous. In the toy
model, it turns out that a refinement to a polymer-type topology, as e.g. used in loop gravity, is
sufficient. Basing quantization of the toy model on this finer topology, we find a complete set of
quantum Dirac observables and a suitable semiclassical limit. This strategy is applicable to realistic
candidate theories of quantum gravity and thereby suggests a solution to a long-standing problem
which implies ramifications for the very concept of quantization. Our work reveals a qualitatively
novel facet of chaos in physics and opens up a new avenue of research on chaos in gravity which
hints at deep insights into the structure of quantum gravity.
The canonical description of gauge theories, classical and
quantum alike, with totally constrained Hamiltonian en-
codes the dynamics of the system in ‘constants of mo-
tion’ [1, 2], so-called Dirac observables. One interprets a
complete set of Dirac observables as all that can objec-
tively be predicted about the classical or quantum sys-
tem. Much has been written about Dirac observables for
general relativity [3–27], which involves the implementa-
tion of invariance under spacetime diffeomorphisms.
It has however often been overlooked that Dirac ob-
servables may not always exist as differentiable phase
space functions. This occurs in analogy to classical
chaotic systems [28–31] when the flow generated by the
Hamiltonian constraint is sufficiently complicated [18–
20, 32–37]. Specifically, there are strong hints that
full general relativity is non-integrable or even chaotic
[18, 35, 38–50], and that a generic general relativistic
model with cosmologically interesting matter is likely to
admit neither differentiable Dirac observables nor a sym-
plectic reduction. While we shall discuss evidence for
the latter below, we refer the reader to [32] for a more
in-depth discussion. Tellingly, differentiable Dirac ob-
servables for full general relativity are not known [21, 27]
due to the quadratic nature of the Hamiltonian constraint
[22, 51] apart from boundary charges (see e.g. [51] for
asymptotically flat and [52–54] for asymptotically Anti-
deSitter) or in dust filled spacetimes [55, 56]. This is
deeply intertwined with the absence of good (monotonic)
time or clock functions or, equivalently, good gauge fix-
ing conditions from a generic general relativistic model
[3, 4, 16–20, 23, 32].
But if differentiable Dirac observables are absent, what
is then observable? What is the physical interpretation
of such putative observables? And what are the conse-
quences for a quantum theory?
Given that chaotic gravitational models turn out to
be analytically too intricate, we address these crucial
questions in the probably simplest non-trivial toy model
which, however, qualitatively mimics dynamical prop-
erties of a chaotic cosmological model. The employed
model is the reparametrization-invariant description of
two free particles on a circle with fixed energy, in which
the angular momentum-like Dirac observable is discontin-
uous in the standard topology. We show that a quantiza-
tion using standard techniques precludes a semiclassical
limit or even any solutions to the quantum constraints.
This confirms heuristic worries in the older quantum
gravity literature [33–37] and mimics the breakdown of
semiclassical wavepackets for the Wheeler-DeWitt equa-
tion of the chaotic Friedmann-Robertson-Walker model
with a massive scalar field reported in [18, 40, 57, 58]
(see also references therein). However, we also identify
the root of the problem: the topology underlying the
quantization. If chosen unsuitably, it may not admit suf-
ficiently many solutions to the quantum constraints in or-
der to allow for semiclassical states. This aspect has been
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2neglected in older heuristic discussions [33–37] and leads
to our proposal for a resolution: to adapt the method
of quantization to the (dis-)continuity of the observables
which one wishes to represent in the quantum theory.
We show that, basing the quantization on a polymer-
like topology (see e.g. [66–68]), similar to the one used
in loop quantum cosmology [69–71] and a novel repre-
sentation of loop quantum gravity [72, 73], resolves the
continuity problem and the topology refined quantization
admits the expected semiclassical limit. This leads to the
main conclusion of the paper: The quantization of sys-
tems with Hamiltonian constraints needs to be based on
a topology that is fine enough to allow for a complete set
of continuous gauge invariant observables.
Our results suggest profound repercussions for non-
integrable constrained systems and, given the evidence
of non-integrability in general relativity, thereby also for
the quantization of gravity.
(NON-)INTEGRABILITY AND OBSERVABLES
A rigorous definition of chaotic constrained dynamics
is not relevant for our purposes. However, the statement
of the problem and our recipe require the (more general)
notion of weak non-integrability and a precise link be-
tween topology and quantization.
Weak (Non-) Integrability:
The important obstruction to quantization that we ex-
plore in this letter is due to the absence of complete in-
tegrabilty of the Hamiltonian constrained system.
Consider a (finite-dimensional) system on a 2N -
dimensional kinematical phase space P subject to m1
first and 2m2 second class irreducible constraints. A
‘Dirac observable’ is a function defined on the constraint
surface C ⊂ P which Poisson-commutes with the first
class constraints and is differentiable (such that the Pois-
son brackets between observables exist). In analogy to
unconstrained, autonomous Hamiltonian systems [28–
31], we shall say that this system is weakly integrable
[32] if there exist 2(N − m1 − m2) independent Dirac
observables Oi which are also independent of the con-
straints, and if N −m1 −m2 of these Oi are weakly in
involution {Oi, Oj} ≈ 0, where ≈ is a weak equality (i.e.,
equality on C).
This ensures that a weakly integrable system is re-
ducible, i.e. there exists a symplectic reduced phase space
(locally given by PR := C/γ where γ denotes the gauge
orbit [2, 19, 20, 32]). Said simply: There exist a maxi-
mal independent set of Dirac observables which provides
good coordinates for the reduced phase space and there
is an induced Poisson structure between these.
By contrast, a system that fails to be weakly integrable
will in general not possess a symplectic reduced phase
space. There is not a sufficient number of differentiable
Dirac observables to provide coordinates on the space of
solutions which consequently does not possess an induced
Poisson structure (see e.g. [2, 19, 20, 32]).
Nevertheless, the absence of Dirac observables does not
render systems that fail to be weakly integrable devoid of
gauge invariant observables: functions that are constant
along gauge orbits always exist. However, they may ei-
ther be non-differentiable (see e.g. [19, 20, 32, 33]) or
only defined locally on C (a generalized Darboux theo-
rem ensures their existence [32, 64]). This has deep con-
sequences especially for the quantum theory: a globally
defined Poisson algebra of gauge invariant observables
does not exist in weakly non-integrable systems. These
are consequences of global constraint surface properties –
and quantization strongly depends on them [65, 74].
We emphasize that there is a crucial distinction be-
tween this notion of weak non-integrability and non-
integrability on a reduced (or more generally uncon-
strained) phase space [32]. Technically, the latter ac-
tually requires the system to be weakly integrable such
that a reduced phase space exists with a non-integrable
unconstrained dynamics on it, while the former implies
the absence of a symplectic reduced phase space alto-
gether.1
But there is also a conceptual difference. Firstly, an
absence of differentiable constants of motion on an un-
constrained phase space does not pose a conceptual chal-
lenge because one does not need to solve the (reduced)
dynamics in order to access the physical degrees of free-
dom. By contrast, in a totally constrained system, one
firstly needs to solve the dynamics in order to access the
physical degrees of freedom that are required for inter-
preting the dynamics. Thus, weak non-integrability and
the absence of differentiable Dirac observables have more
severe repercussions that can turn into a quantum rep-
resentation problem of the surviving non-differentiable
observables.
Topology and Quantization:
Canonical quantization requires a polarization, which
usually amounts to choosing a differentiable manifold
Q as configuration space within phase space P. The
Poisson-action of the momenta then defines vector fields
on Q which can be integrated to a group action G on Q.
The topology of P induces topologies on Q, G. Quanti-
zation assigns to each continuous complex valued func-
tion f ∈ C(Q) (or a dense subset thereof) and to each
1 E.g., consider an unconstrained non-integrable system subject to
a (time independent) Hamiltonian H. Parametrizing this system
would yield a Hamiltonian constraint C = pt + H, where pt is
the momentum conjugate to the (now dynamical) time variable t.
The resulting constrained system is evidently weakly integrable
because t = const yields a global gauge fixing and global Dirac
bracket, yet has a non-integrable dynamics generated by H on
the reduced phase space.
3element g ∈ G an operator in the quantum algebra A, re-
spectively. A is represented on a Hilbert space H which
equips A with the strong operator topology. Topology
enters quantization by demanding that the quantization
map C(Q)→ A and G→ A is continuous. This continu-
ity requirement ensures that the position and momentum
operators are densely defined.
In this letter, we use the expression ‘the topology that
underlies a quantization’, the precise meaning of which
is defined by the requirement that the quantization map
is continuous.
Weak Non-Integrability in General Relativity:
We will now explain why our notion of weak integrabil-
ity is not satisfied by general relativity with phenomeno-
logically interesting matter content, despite the existence
of theorems (e.g., see [59–61]) that show that the reduced
phase space of general relativity may exist for various
types of conformal matter. In fact, we argue that gen-
eral relativity fails to be weakly integrable when coupled
to any matter content that produces realistic cosmologi-
cal predictions. Our argument proceeds in several steps:
The phase space reduction discussed in [59–61] re-
lies on the existence and uniqueness of the solution of
the Hamilton constraint of general relativity on compact
slices in terms of the conformal method. Technically,
this means that York’s modification of the Lichnerowicz
equation possesses a unique positive solution [62] for the
conformal factor, which in turn implies that constant-
mean-curvature (CMC) slicing defines good gauge con-
ditions and that York time may be a good temporally
global clock variable. Effectively, the results of [59–
61] thereby rely on the existence of a good time func-
tion and associated to this on good CMC-gauges. How-
ever, this requires that the matter Hamiltonian pos-
sesses a specific transformation behavior under conformal
transformation, namely it necessitates conformal matter.
This behavior precludes, among other restrictions, non-
conformal matter and thus, e.g., a cosmological constant,
scalar field potentials, mass terms and Yukawa interac-
tions, which in particular precludes matter content that
can drive inflation [32]. Indeed, for non-conformal matter
on compact slices, the York-Lichnerowicz equation pos-
sesses generally non-unique solutions so that York time
may not be a good clock (example below) [63].
With this part of the argument we have established
that it is not necessarily true that general relativity pos-
sesses a symplectic reduced phase space because cru-
cial conditions going into the theorems of [59–61] are
generically violated in solutions with cosmologically in-
teresting matter. In the following we need to establish
that there are cases in which symplectic reduction indeed
does not exist when cosmologically interesting matter is
present. For example, the closed Friedmann-Roberson-
Walker (FRW) cosmology, when minimally coupled to a
homogeneous massive scalar field, has been shown to be
chaotic [40–42]. A generic solution features both an ini-
tial and final singularity, but the model admits an infinite
number (but measure zero set) of solutions which bounce
perpetually among finite extrema in both the scale factor
a and the scalar field φ, of which a countable subset is
periodic and an uncountable subset is aperiodic.2 This
leads to a fractal structure in the space of solutions [40–
42]. This constitutes an example of a general relativistic
model on compact slices with non-conformal matter that
explicitly violates conditions underlying the theorems in
[59–61]. Indeed, York time τY ork in this FRW model is
proportional to a˙/a and due to the bounces τY ork = 0
is crossed uncountably many times for non-singular so-
lutions. CMC-slicing thus does not provide good gauges
in this model.
A generic perpetually bouncing trajectory remains in a
compact region of the two-dimensional non-compact con-
figuration space [41, 42]. While aperiodicity and compact
dynamics do not in general imply ergodicity of the tra-
jectory in its corresponding compact region, it is highly
plausible that they do in this cosmological model because
the aperiodic trajectories do not admit cycles and instead
bounce effectively like a billiard [40–42].
Now, a single ergodic trajectory γ in a compact re-
gion Rγ ⊂ Q of configuration space is sufficient to imply
discontinuity of any non-trivial configuration observable
O in this region which is constant along the trajecto-
ries but not constant on Q. To see this, restrict O to
Rγ , ORγ : Rγ → R, and let O(γ) be the value of O on
γ. Then there does not exist an open neighborhood in
ORγ (Rγ) ⊂ R which does not contain O(γ) and which
also has an open neighborhood U ⊂ Rγ as pre-image
because any such U ⊂ Rγ will be intersected by γ. Ac-
cordingly, ORγ must be discontinuous on Rγ .
To conclude the argument for weak non-integrability,
we need to consider general phase space observables. The
analyses in [40–42] also suggest that the momenta remain
bounded for generic aperiodic, perpetually bouncing so-
lutions such that these also remain restricted to compact
subregions of the constraint surface. Repeating then the
previous argument indicates strongly that also any phase
space observable must be discontinuous on compact sub-
regions of C. This is compelling (yet not exhaustive) ev-
idence that this closed FRW model with a homogeneous
massive scalar field is weakly non-integrable.
Next we argue that a weakly non-integrable cosmo-
logical model also implies weak non-integrability of the
full theory (for analogous matter content). Suppose we
had a weakly integrable system, so there exists a set of
2 However, we note that also a generic singular trajectory behaves
‘chaotically’ in the sense that it will bounce and oscillate a large
number of times in between various extrema before running into
a singularity [40–42].
4differentiable Dirac observables that separate the gauge-
orbits on the constraint surface. Let us now consider a
subset of the constraint surface that itself is foliated into
gauge orbits. Then it follows from the existence of suf-
ficiently many orbit separating, differentiable Dirac ob-
servables of the full system that their restriction to the
subset again separates orbits of this subset. Thus, if the
restriction map from the full constraint surface to the
subset is differentiable, one obtains that the subsystem
is weakly integrable as well. Conversely, if an (in this
sense) differentiably embedded subsystem is not weakly
integrable then the full system is not weakly integrable.
This suggests that full general relativity with cosmologi-
cally interesting matter content is not weakly integrable,
because it contains a subsystem that has an effective bil-
liard dynamics.
Since the dynamics of chaotic general relativistic mod-
els are analytically not fully tractable, it is necessary to
employ a toy model to study the classical and quantum
consequences of weak non-integrability explicitly. Our
example will emulate key features of the above FRW
models dynamics: on a compact configuration space we
will have both periodic as well as (uncountably many)
aperiodic solutions. The aperiodic solutions will be er-
godic on configuration space, precluding a smooth re-
duced phase space to exist. Our first aim is to explore the
consequences for the quantization of such a constrained
system.
TOY MODEL
We consider two free point particles of masses mi on
a unit circle and require that the total energy of the sys-
tem is fixed to E > 0 which defines the Hamiltonian
constraint (or the classical time-reparametrization gen-
erator)
C =
p21
2m1
+
p22
2m2
− E ≈ 0. (1)
The ensuing constraint surface is compact C = S1 × T 2,
where the torus is parametrized by the configurations
(x1, x2) and S1 by the angle φ := atan2(m2p1,m1p2)
of the trajectory (where atan2 is the two-argument arc-
tangent). Note that the magnitude |pi| is determined by
C. The classical dynamics is
xi(t) =
pi
mi
t+ xi0 − ni, (2)
where ni = b pimi t+xi0c denotes the winding number in xi
(see figure 1). All orbits with tanφ ∈ Q are closed and
periodic, so-called resonant tori, while each trajectory
with tanφ 6∈ Q fills the torus densely, the so-called non-
resonant tori.
The angle φ is a Dirac observable. A second indepen-
dent phase space function that is constant along the or-
bits is M = (x1+n1)p2/m2−(x2+n2)p1/m1, but it is not
x1
x2
1
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FIG. 1. A trajectory on the torus with angle given by γ. ni
increases by 1 whenever xi = 1 is reached.
continuous since the winding numbers ni are discontinu-
ous phase space functions. There cannot exist any con-
tinuous gauge invariant observable with configurational
dependence because for tanφ 6∈ Q the trajectories fill the
torus densely, such that any continuous gauge invariant
observable needs to be independent of the positions [32].
Moreover, the space of solutions is neither a manifold nor
Hausdorff [32], such that Marsden-Weinstein reduction
fails. The system fails weak integrability by admitting
only a single (independent) momentum Dirac observable.
Gravity seems to behave worse since there is strong ev-
idence that the space of solutions of the chaotic closed
FRW model with minimally coupled massive scalar field
features a fractal structure [40–42].
QUANTIZATION (STANDARD TOPOLOGY)
A reduced quantization of the space of solutions is im-
possible because it is not a phase space. But standard
Dirac quantization of the toy model is possible and based
on choosing Q = T 2 to be the configuration space and
G to be the group of translations on Q. This quanti-
zation is represented on the kinematical Hilbert space
Hkin = L2(Q); the topology ensures that the momen-
tum operators pˆi ψ = −i~∂i ψ are densely defined on the
span of the momentum eigenstates
ψk1,k2(x1, x2) = exp(2pi i(k1x1 + k2x2)), ki ∈ Z (3)
which diagonalize the constraint operator
Cˆ =
pˆ21
2m1
+
pˆ22
2m2
− E Iˆ, (4)
which has a discrete spectrum
∆(Cˆ) =
{
(2pi~)2
(
k21
2m1
+
k22
2m2
)
− E : ki ∈ Z
}
. (5)
The constraint kernel has dimension 0, 1, 2 or 4, depend-
ing on the value of  := m1 E2(pi~)2 whenever γ 6∈ Q, where
5γ = m2m1 . For γ ∈ Q the problem of finding the dimen-
sion of the constraint kernel results in a rich Diophantine
problem. In this case, the constraint kernel can be larger,
but it turns out (due to Jacobi [32, 75]) that its dimen-
sion is bounded by log , such that the kernel will be very
small even for macroscopic . (For comparison, the de-
generacy of energy eigenstates of two harmonic oscillators
scales with .)
The kernel is generically too small for admitting semi-
classical wavepackets and there is no conjugate pair of
Dirac observables to peak on. Moreover, dynamical co-
herent states, which have to be wave packets of the form
ψ(x1, x2) =
∑
k ake
ink(x2+αx1) require a linear disper-
sion relation which is prohibited by the Hamiltonian con-
straint Cˆ [32]. Hence, one cannot build dynamical coher-
ent states even when γ ∈ Q and  is macroscopic.
More extremely, modifying the classical dynamics by
setting E = 0 and flipping the relative sign in (1) yields a
quantum constraint k2 = ±√γ k1 which has no solutions
for
√
γ /∈ Q. (Even small quantum corrections to the
energy would not generate more than four solutions.)
QUANTIZATION (REFINED TOPOLOGY)
In the previous section we found that the scarcity of
smooth Dirac observables leads to a physical Hilbert
space that is too small for a satisfactory semiclassical
limit. This suggests to consider a discrete topology on
the configuration space (i.e. the torus), such that observ-
ables, discontinuous with respect to the standard topol-
ogy, become continuous – and representable in the quan-
tum theory.
We consider a kinematical Hilbert space of periodic
functions ψ(x1 + 1, x2) = ψ(x1, x2 + 1) = ψ(x1, x2) with
orthonormal basis ψα1,α2(x1, x2) = δα1,x1δα2,x2 and Kro-
necker delta functions
δα,α′ =
{
1 forα = α′ mod 1
0 otherwise.
(6)
Functions in this Hilbert space are vanishing almost ev-
erywhere and discontinuous with respect to the Lebesgue
measure. Thus, momenta as derivative operators are not
well-defined, in contrast to translation operators
Rµ1ψ(x1, x2) = ψ(x1 + µ, x2), (7)
Rµ2ψ(x1, x2) = ψ(x1, x2 + µ).
This introduces a novel (length) parameter µ whose in-
terpretation comes later. The square of the momentum
pˆ2a
2 is quantized as S
µ
a :=
−~2
2µ2 (R
+µ
a +R
−µ
a − 2I) , yielding
the constraint (for this section with m1 = m2 = 1)
Cµ = Sµ1 + S
µ
2 − E. (8)
Let us discuss the spectrum of this constraint and,
more generally, the translation operators for µ /∈ Q (for
µ ∈ Q, see [32]). Consider periodic functions in only one
variable ψ(x). The Hilbert space splits into invariant
subspaces Hµα
Hµα = clos(span{ψα−Nµ |N ∈ Z}). (9)
(The labels are to be understood as mod 1.) The α label
the invariant subspaces and denote equivalence classes:
α′ ∼ α if α = α′ +Nµmod 1 for some N ∈ Z.
The spectrum of Rµ on each of the Hµα is continuous
and given by U(1) [73]. This can be understood by con-
sidering the translation operator exp(iµpˆ) in the usual
quantization (on S1): the spectrum Z of pˆ winds around
the unit circle and due to µ /∈ Q fills it densely. In the
standard quantization the spectrum would be classified
as discrete as the eigenvectors are normalizable. Here, by
contrast, the spectrum is continuous due to generalized
eigenvectors:
uα,ρ(x) =
∑
l∈Z
e2pii lρδα+lµ,x, ρ ∈ [0, 1). (10)
The constraint (8) combines the (commuting) opera-
tors R
±µ/2
a and has a continuous spectrum
~2
2µ2
(4− 2 cos(2piρ1)− 2 cos(2piρ2))− E, ρi ∈ [0, 1).(11)
We can restrict to one choice of (α1, α2) which yields
a superselection sector Hµα1 ⊗ Hµα2 with respect to the
momentum operators and thus a separable Hilbert space.
The spectrum is contained in [−E, 8~22µ2 − E]. Hence µ
determines the maximal energy and, by duality, the min-
imal step-size. This is analogous to loop quantum cos-
mology, where the minimal step-size is set by the Planck
scale and the energy density is bounded by the Planck
density [69–71].
After fixing one superselection sector (α1, α2), the so-
lutions to Cµψ = 0 for a fixed (allowed) E are labelled by
the energy e1 for the x1 particle with max(0, E − 4~22µ2 ) ≤
e1 ≤ E. (There exist sign degeneracies.) Crucially,
there are infinitely many solutions. But these are non–
normalizable with respect to the kinematical inner prod-
uct such that we need a physical inner product in which
they are normalizable.
This can be constructed using the ρ-representation,
given by the spectral decomposition of the translation
operators on a fixed Hµα1 ⊗Hµα2
ψ =
∫
[0,1)×[0,1)
dρ1dρ2 uα1,ρ1uα2,ρ2 〈uα1,ρ1uα2,ρ2 |ψ〉. (12)
The method combines refined algebraic [76–79] and mas-
ter constraint [80, 81] quantization and results in a phys-
ical Hilbert space that can be expressed as a L2 Hilbert
space over a continuous (momentum) parameter ρ [32].
Using the (ρ1, ρ2)-representation defined in (12), one
finds that the following observable
Mˆ :=
i
2pi
(
sin(2piρ2)
∂
∂ρ1
− sin(2piρ1) ∂
∂ρ2
)
(13)
6commutes with the constraint and hence provides a quan-
tum Dirac observable, which is analogous to the classi-
cal discontinuous observable M , which does not admit a
quantization in the standard topology.
The quantization based on the discrete topology fea-
tures superselection sectors (for the translation opera-
tors) labelled by (α1, α2). States in Hµα1 ⊗ Hµα2 are re-
stricted to a lattice with lattice constant µ and one lattice
vertex in (α1, α2). Thanks to µ /∈ Q, this lattice fills the
torus densely. Nevertheless, one can ‘unwind’ the peri-
odic variable xi by replacing it with li defined through
xi = (αi+liµ) mod 1. The li ∈ Z parametrize the vertices
in the lattice one-to-one and generate a li–representation
(by Fourier transforming the (ρ1, ρ2)-representation) in
which states need no longer be periodic. The crucial
point is that the winding numbers ni are quite regular
functions of the li. This allows us to represent M in this
quantization.
In summary, the physical Hilbert space is infinite-
dimensional and enables us to represent both a momen-
tum and a configurational Dirac observable. The result
can be viewed either as a quantization of a classically
modified dynamics (which is still weakly non–integrable)
or as a discrete quantization of the original unmodified
system. Indeed, choosing the parameter µ sufficiently
small and for momenta considerably smaller than the
maximal energy scale set by µ, the two systems possess
approximately the same dynamics.
TRANSITION AMPLITUDES AND
CLASSICALITY
A useful tool in the exploration of a semiclas-
sical behavior is the physical transition amplitude
W (~x1, ~p1; ~x2, ~p2) between kinematic states
W =
〈(~x1, ~p1), Pˆ (~x2, ~p2)〉√
〈(~x1, ~p1), Pˆ (~x1, ~p1)〉〈(~x2, ~p2), Pˆ (~x2, ~p2)〉
, (14)
where |(~x, ~p)〉 denote kinematical coherent states that are
peaked at a phase space point (~x, ~p) and Pˆ denotes the
projector to the kernel of the Hamiltonian constraint. A
quantum system admits a good semiclassical limit of the
Hamiltonian constrained system if W (~x1, ~p1; ~x2, ~p2) ≈ 1
when (~x1, ~p1) and (~x2, ~p2) lie on the same trajectory and
decreases rapidly when one moves one of (~xi, ~pi) away
from the trajectory.
For the standard quantization one can show that W ≈
1 only when the momenta ~p1 and ~p2 are simultaneously
equal to one of the solution momenta ~k ∈ Z2 to the quan-
tum constraint. This precludes a sufficiently peaked po-
sition dependence [32] and is another way of seeing that
the standard quantization does not admit a semiclassical
limit.
The situation differs when one bases quantization on
the refined topology. The ingredients of the definition
(14) of the transition amplitude can also be constructed
for the quantization based on the refined topology and
it turns out that W attains a good semiclassical limit in
this case [32]: The physical transition amplitude between
kinematical semi-classical states is maximal if the kine-
matical semiclassical sates are peaked on points in the
same orbit and decay rapidly as one moves one of the
points away from the orbit on which the other point lies.
CONCLUSIONS
Quantizing weakly non-integrable systems with stan-
dard methods ignores the discontinuity of their observ-
ables, yields a small or even empty physical Hilbert space
and no semiclassical limit. This puts the breakdown of
semiclassical states reported in [18, 40, 57, 58] for the
chaotic FRW model with scalar field into a novel per-
spective. These troubles are a direct consequence of the
scarcity of Dirac observables and differ qualitatively from
the situation in unconstrained chaotic systems where the
quantum representation problem of observables does not
arise and one generally obtains at least a short time co-
herence of wave packets [29–31]. This reveals a previ-
ously unknown aspect of chaos (or non-integrability) in
physics: a quantum representation problem of observ-
ables in consequence of diffeomorphism symmetry (here
reparametrization invariance) which thus is special to
gravitational systems. Our findings indicate that, for
weakly non-integrable systems, one needs to adapt the
very method of quantization to the discontinuous observ-
ables in order to obtain a functional quantum theory with
interesting observables and semciclassical limit. Promis-
ingly, the general strategy of topology refinement is not
specific to our toy model but also applicable to realistic
candidate theories for quantum gravity.
The alternative quantization method used in our inves-
tigations is that of ‘polymer quantization’ [66–68] which
is employed in loop quantum cosmology and gravity [69–
71, 73]. However, its remedies come at a physical price:
the spectra of operators become ‘Bohr compactified’, su-
perselection sectors arise and one has to interpret the
additional quantization parameter µ. Promisingly, the
minimal ‘step size’ µ can be related to the Planck scale
in a gravitational context [69–71].
Since full general relativity is almost certainly ‘chaotic’
[18, 32, 35, 38–50] and, owing to our arguments, likely
features weak non-integrability for cosmologically inter-
esting matter, these observations imply deep ramifica-
tions for a quantum theory of gravity. These investi-
gations thus warrant an extension to the field theory
case and, ultimately, general relativity. Also, the con-
sequences of weak non-integrability for a path integral
quantization, which should produce a projector onto the
7solutions of the quantum constraints [82, 83], remain to
be clarified (see also [84]). Finally, how far does one need
to refine the topology underlying the constraint quan-
tization in order to obtain a functional and interesting
quantum theory?
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